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We study universal structural properties of Gaussian complex polymer architectures, containing
fc linear branches and fr closed loops grafted to the central core. Attention is paid to calculation of
the gyration radius R2g and the hydrodynamic radii RH . We use combination of analytical theory,
based on path integration method, and molecular dynamics simulations. We obtain the estimates
for the size ratio
√
R2g/RH and its dependence on functionality f = f
c + fr of grafted polymers.
PACS numbers: 36.20.-r, 36.20.Ey, 64.60.ae
I. INTRODUCTION
In statistical description of polymers, a considerable
attention is paid to the universal quantities describ-
ing equilibrium size and shape of typical conformation
adapted by individual macromolecule in a solvent [1, 2].
In particular, many physical properties are manifesta-
tions of the underlaying polymer conformation, includ-
ing the hydrodynamic properties of polymer fluids [3], the
folding dynamics and catalytic activity of proteins [4] etc.
As a size measure of a single macromolecule one usually
considers the mean square radius of gyration R2g, which
is directly measurable in static scattering experiments
[5, 6]. Denoting coordinates of the monomers along the
polymer chain by ~rn, n = 1, . . . , N , this quantity is de-
fined as:
〈R2g〉 =
1
2N2
∑
n,m
〈(~rn − ~rm)2〉, (1)
and is thus given by a trace of gyration tensorQ [7]. Here
and below, 〈(. . .)〉 denotes ensemble average over possi-
ble polymer conformations. Another important quantity
that characterizes the size of a polymer coil is hydrody-
namic radius RH , which is directly obtained in dynamic
light scattering experiments [8–10]. This quantity was
introduced based on the following motivation [11]. Ac-
cording to the Stokes-Einstein equation, the diffusion co-
efficient D of a spherical particle of radius Rs in a solvent
of viscosity η at temperature T is given by:
D =
kBT
6πηRs
(2)
where kB is Boltzmann constant. In order to generalize
the above relation for the case of molecules of more com-
plex shape, their center-of-mass diffusion coefficient D is
given by Eq. (2) with Rs replaced by RH . The latter is
given as the average of the reciprocal distances between
all pairs of monomers:
〈R−1H 〉 =
1
N2
∑
n,m
〈
1
|~rn − ~rm|
〉
. (3)
Namely, RH is related with the averaged components of
the Oseen tensor Hnm characterizing the hydrodynamic
interactions between monomers n and m [12]. To com-
pare R2g and R
−1
H , it is convenient to introduce the uni-
versal size ratio
ρ =
√
R2g/RH , (4)
which does not depend on any details of chemical mi-
crostructure and is governed by polymer architecture. In
the present paper we restrict our consideration to the
ideal (Gaussian) polymers, i.e. monomers have no ex-
cluded volume, which corresponds to the case of so-called
Θ-solvents. This approach allows to obtain the exact an-
alytical results for the set of universal quantities charac-
terizing conformational properties of macromolecules. In
particular, for a linear Gaussian polymer chain the exact
analytical result for the ratio (4) in d = 3 dimensions
reads [13–15]:
ρchain =
8
3
√
π
≈ 1.5045. (5)
The universal ratio of a Gaussian ring polymer was cal-
culated in Refs. [14, 16, 17] and is given by
ρring =
√
2π
2
≈ 1.2533. (6)
The validity of theoretically derived ratios ρchain and ρring
was confirmed in several simulation studies [15, 17, 18].
Polymer macromolecules of complex branched struc-
ture attract considerable attention both from academical
[19, 20] and applied [21, 22] perspective, being encoun-
tered as building blocks of materials like synthetic and
biological gels [23], thermoplastics [24], melts and elas-
tomers [25, 26]. High functionality of polymers provides
novel properties with applications in diverse fields like
drug delivery [27], tissue engineering [28], super-soft ma-
terials [29], and antibacterial surfaces [30] etc. On the
other hand, multiple loop formation in macromolecules
is often encountered and plays an important role in bi-
ological processes such as stabilization of globular pro-
teins [31] or transcriptional regularization of genes [32].
2Figure 1: Schematic presentation of rosette polymer topology
comprised fr = 4 rings (green) and fc = 8 linear chains (red)
grafted to a central core (black).
In this concern, it is of fundamental interests to study
conformational properties of complex polymer architec-
tures. The distinct example of branched macromolecule
is the so-called rosette polymer [33], containing f c lin-
ear chains and f r closed loops (rings), radiating from
the same branching point (see Fig. 1). Note that for
f r = 0 one restores architecture of a star polymer with
f c functionalized linear chains radiating from a central
core, for which an exact analytical result is known for the
size ratio (Ref. [34]):
ρstar =
8
√
f(3f c − 2)
3(f c)2
√
π
(
√
2− 1)(
√
2 + f c). (7)
The estimates for ρstar have been also obtained by nu-
merical Monte-Carlo simulations [35]. Using molecular
dynamics (MD) simulations, Uehara and Deguchi derived
the universal size ratios for macromolecules such as sin-
gle ring (f c = 0, f r = 1), tadpole (f r = 1, f c = 1)
and double ring (f r = 2, f c = 0) [17]. The overview of
existing literature data for universal size ratios obtained
in analytical ρtheory and numerical ρsim investigations are
listed in Table I.
The aim of the present work is to extend the previ-
ous analysis of rosette-like polymers [33], by thoroughly
studying their universal size characteristics. For this
Topology fc fr ρtheory ρsim
Chain 1 0 1.5045 Eq. (5) 1.5045 ± 0.0005 [18]
Ring 0 1 1.253 Eq. (6) 1.253 ± 0.013 [17]
Star 2 0 1.50 Eq. (7) 1.28 [35]
Star 3 0 1.40 Eq. (7) 1.11 [35]
Star 4 0 1.33 Eq. (7) 1.04 [35]
Tadpol 1 1 1.415 Eq. (20) 1.380 ± 0.021 [17]
Double ring 0 2 1.217 Eq. (21) 1.215 ± 0.011 [17]
Table I: Literature data for the universal size ratio for different
polymer topologies, derived using analytical theory ρtheory and
numerical simulations ρsim. The theoretical values for tadpol
and double ring architectures were calculated on the basis of
our general analytical result, cf. Eq. (19).
purpose we apply the analytical theory, based on path-
integration method, and extensive numerical molecular
dynamics simulations. The layout of the paper is as fol-
lows. In the next section, we introduce the continuous
chain model and provide the details of analytical calcu-
lation of the universal size ratios ρ for various polymer
architectures applying path integration method. In sec-
tion III we describe the numerical model and details of
MD simulations. In the same section we present numer-
ical results and compare them with our theoretical pre-
dictions. We draw conclusions and remarks in section
IV.
II. ANALYTICAL APPROACH
A. The model
Within the frame of continuous chain model [36], a
single Gaussian polymer chain of length L is represented
as a path ~r(s), parameterized by 0 < s < L. In this
model the hamiltonian of a polymer chain reads:
H =
1
2
∫ L
0
ds
(
d~r
ds
)2
. (8)
We adapt this model to more complicated branched poly-
mer topologies, containing in general f c linear branches
and f r closed rings (see figure 1). In the following, let
us use notation f = f c + f r for total functionality of
such structure. The corresponding partition function of
rosette polymer is given by:
Zfc,fr =
∫
dd {~r}Dfc,fr e
− 1
2
f∑
i=1
L∫
0
ds
(
d~ri
ds
)2
, (9)
where dd {~r} denotes multiple path integration over tra-
jectories ~ri(s) (i = 1, . . . , f) assumed to be of equal
length Li = L, and the factor Dfc,fr determines the
topology of the molecule:
Dfc,fr =
f∏
i=1
δ(~ri(0))
fr∏
j=1
δ(~rj(L)− ~rj(0)). (10)
Here, the first product of δ-functions reflects the fact that
all f c + f r trajectories start at the same point (central
core), and the second δ-functions product up to f r de-
scribes the closed ring structures of f r trajectories (their
starting and end points coincide).
Within the frame of presented model, the expression
for the mean square gyration radius from Eq. (1) can be
rewritten as
〈R2g〉 =
1
2(fL)2
f∑
i,j=1
∫ L
0
∫ L
0
ds2 ds1〈(~ri(s2)− ~rj(s1))2〉,
(11)
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Figure 2: Diagrammatic presentation of contributions into
〈R−1H 〉 according to (12). Solid lines are schematic presenta-
tion of polymer paths, arrows denote the so-called restriction
point s1, s2.
whereas the expression (3) for hydrodynamic radius
reads:
〈R−1H 〉 =
1
(fL)2
f∑
i,j=1
∫ L
0
∫ L
0
ds2 ds1〈|~ri(s2)− ~rj(s1)|−1〉,
(12)
where 〈(. . .)〉 denotes averaging over an ensemble of all
possible configurations defined as:
〈(. . .)〉 = 1
Zfc,fr
∫
dd {~r}Dfc,fr (. . .)×
e
− 1
2
f∑
i=1
L∫
0
ds
(
d~ri
ds
)2
. (13)
B. Calculation of hydrodynamic radius and
universal size ratio
The crucial point in the calculation of the hydrody-
namic radius is utilization of the following equality [37]:
|~r|−1=(2π)−d
∫
d~k 2d−1π
d−1
2 Γ
(
d− 1
2
)
k1−dei~r
~k. (14)
where Γ(x) is Gamma function. Applying the above ex-
pression to Eq. (12) allows to rewrite the mean reciprocal
distance from the definition of RH as
〈|~ri(s2)− ~rj(s1)|−1〉=(2π)−d
∫
d~k 2d−1π
d−1
2 ×
×Γ
(
d− 1
2
)
k1−d〈ei~k(~ri(s2)−~rj(s1))〉. (15)
Below we will apply path integration approach to calcu-
late the mean reciprocal distances. To visualize different
contributions into 〈|~ri(s2)−~rj(s1)|−1〉, it is convenient to
use the diagrammatic technique (see Fig. 2). The final re-
sult is obtained by performing the integrations over the
restriction points s1 and s2. The analytic expressions,
corresponding to diagrams (1)-(5) on Fig. 2 read:
〈|~ri(s2)− ri(s1)|−1〉(1)=
∫ L
0
ds2
∫ s2
0
ds1 (s2−s1)
1
2 ,
〈|~ri(s2)− rj(s1)|−1〉(2)=
∫ L
0
ds2
∫ L
0
ds1 (s2−s1)
1
2 ,
〈|~ri(s2)− ri(s1)|−1〉(3)=
∫ L
0
ds2
∫ s2
0
ds1
×
(
s2−s1 − (s2−s1)
2
L
) 1
2
,
〈|~ri(s2)− rj(s1)|−1〉(4)=
∫ L
0
ds2
∫ L
0
ds1
×
(
s2+s1 − s
2
2
L
−s
2
1
L
) 1
2
,
〈|~ri(s2)− rj(s1)|−1〉(5)=
∫ L
0
ds2
∫ L
0
ds1
×
(
s2+s1 − s
2
1
L
) 1
2
. (16)
Note that in the above equations the factor
Γ( d−12 )
Γ( d2 )
√
2
has
been omitted. Also, each diagram in Fig. 2 is associated
with the corresponding combinatorial factor. Namely,
the contribution (1) in above expressions is taken with
the pre-factor f c, contribution (2) with f
c(fc−1)
2 , (3) with
f r, (4) with f
r(fr−1)
2 and the last contribution (5) with
the pre-factor f rf c. Summing up all contributions from
Eq. (16) with taking into account corresponding pre-
factors we finally obtain the expression for the hydrody-
namic radius of a rosette structure:
〈Rh,rosette〉 =
Γ
(
d−1
2
)
Γ
(
d
2
)√
2
12(f c + f r)2
√
L×
[
−6frπ
(√
2(f r − 1)− 2f r + 1
)
+
16
(√
2− 1
)
f c
(√
2 + f c
)
+
3f cf r
(
10 arcsin
(√
5
5
)
− π + 4
)]−1
. (17)
The expression for the mean square gyration radius of
a rosette architecture is [33]:
〈R2g,rosette〉 =
Ld
12(f r + f c)2
[f r(2f r − 1) +
2f c(3f c − 2) + 8f rf c]. (18)
Finally, using Eqs. (17) and (18), we calculate the the
universal size ratio (4) of rosette-like polymer architec-
ture in Gaussian approximation:
ρrosette =
√
6 dΓ
(
d−1
2
)
72(f r + f c)3Γ
(
d
2
) ×
√
6(f c)2 + 8f cf r + 2(f r)2 − 4f c − f r ×[
−6frπ
(√
2(f r − 1)− 2f r + 1
)
+
16
(√
2− 1
)
f c
(√
2 + f c
)
+
3f cf r
(
10 arcsin
(√
5
5
)
− π + 4
)]
. (19)
41 2 3 4 5 6 7 8f
1
1.1
1.2
1.3
1.4
1.5
1.6
ρ
linear
rosette
ring
Figure 3: Summary of theoretical results for universal size
ratio ρ as given by (19) vs functionality f = fc + fr for
different polymer topologies. Data for architectures contain-
ing: only linear chains (star-like polymer with fr = 0) as
function of f = fc (red symbols), only ring polymer (with
fc = 0) as function of f = fr (blue symbols) and “symmet-
ric” rosette structure with equal number of rings and linear
branches f = fr + fc (purple symbols).
Substituting d = 3 in expression (19), for f c = 1 and
f r = 0 we restore the universal size ratio of a linear
polymer (5), whereas f c > 2 and f r = 0 gives the ex-
pression for a star polymer (7). For f c = 0 and f r = 1
we reproduce the known analytical expression of a sin-
gle ring from Eq. (6). Consequently f c = 0 and f r = 2
Eq. (19) provides the formula for universal size ratio of a
star comprised of two ring polymers:
ρdouble ring =
√
3π
4
(3−
√
2) ≈ 1.217. (20)
For f c = 1 and f r = 1 we find analytic expression for
the so-called tadpole architecture:
ρtadpole =
√
22
96
√
π
[
3π + 28 + 30 arcsin
(√
5
5
)]
≈ 1.415. (21)
In Fig. 3 we plot calculated theoretical values of the
universal size ratio vs number of functionalized chains for
stars comprised of linear polymers with f c > 0, f r = 0
(red symbols) and ring polymers f r > 0, f c = 0 (blue)
as well as rosette polymers with equal number of grafted
linear chains and rings f r = f c > 0 (purple). For all
architectures we observe decrease in ρ with increasing
functionality. In the next subsection we compare our
theoretical predictions with the result of MD simulations.
III. NUMERICAL APPROACH
A. The method
Numerical data in this work have been obtained from
MD simulations. We consider simple three-dimensional
numerical model of a rosette polymer consisting of arms
which are f c linear chains and/or f r ring polymers. Each
arm is composed of N sizeless particles of equal mass m
connected by bonds. We study ideal (Gaussian) confor-
mations of rosette polymers in dilute solution correspond-
ing to conformations of real rosette polymers at dilute θ
solvent conditions. In our numerical model the connec-
tivity along the polymer chain backbone is assured via
harmonic potential
V (r) =
k
2
(r − r0)2, (22)
where k = 200 kBT/b
2 is the interaction strength mea-
sured in units of thermal energy kBT and and the equi-
librium bond distance r0 = b.
The molecular dynamics simulations were performed
by solving the Langevin equation of motion for the posi-
tion ~ri = [xi, yi, zi] of each monomer,
m~¨ri = ~Fi − ζ~˙ri + ~FRi , i = 1, . . . , fN, (23)
which describes the motion of bonded monomers. Forces
~Fi in Eq. (23) above are obtained from the harmonic in-
teraction potential between (Eq. 22). The second and
third term on the right hand side of Eq. (23) is a slowly
evolving viscous force −ζ~˙ri and a rapidly fluctuating
stochastic force ~FRi respectively. This random force
~FRi
is related to the friction coefficient ζ by the fluctuation-
dissipation theorem 〈~FRi (t)~FRj (t′)〉 = kBTζδijδ(t − t′).
The friction coefficient used in simulations was ζ =
0.5mτ−1 where τ = [mb2/(kBT )]1/2 is the unit of time.
A Langevin thermostat was used to keep the tempera-
ture constant. The integration step employed to solve
the equations of motions was taken to be ∆t = 0.0025τ .
All simulations were performed in a cubic box with pe-
riodic boundary conditions imposed in all spatial dimen-
sions. We used Large-scale Atomic/Molecular Massively
Parallel Simulator (LAMMPS) [38] to perform simula-
tions. Simulation snapshots were rendered using Visual
Molecular Dynamics (VMD) [39].
B. Results
Simulations of rosette polymers were performed for
the following number of monomer beads per arm N =
100, 200, 400, 800, 1600 and 6400. The number of arms for
star polymers composed of solely linear chains (i.e. with
f r=0) and ring polymers (i.e. with f c = 0) were varied
in the range between 1 to 4. In the case of rosette poly-
mers which are hybrid polymer architectures comprised
5Figure 4: Molecular dynamics data for the universal size ratio
ρ of linear chains (red symbols) and ring polymers (blue sym-
bols) plotted as a function of correction-to-scaling variable
N−1/2 with corresponding simulation snapshots for polymer
architectures with degree of polymerization N = 6400. Solid
lines represent fitting functions of the general form given in
Eq. (24). Horizontal dotted lines correspond to asymptotic
values ρ∞ predicted by theory, cf. Eqs. (5) and (6).
of linear chains and ring polymers we considered two arm
functionalities with f c = f r = 1 and 2. To increase
conformational sampling each simulation was carried out
with 50 identical molecules in a simulation box. In the
course of simulations the universal size ratio was mea-
sured, cf. Eq. (4). In the numerical calculation of quan-
tities like ρ a crucial aspect is finite degree of polymer-
ization N that we are dealing with in simulations, while
theoretically obtained values of ρ hold in the asymptotic
limit N →∞. Thus, the finite-size effects (or corrections
to scaling) should be appropriately taken into account.
For the size ratio of an ideal linear chain, this correction
is given by
ρ = ρ∞(1 + aN
−∆), (24)
where ρ∞ is the asymptotic value obtained at N →∞, a
is non-universal amplitude, ∆ is the correction-to-scaling
exponent for θ-solvent is ∆ = 1/2 [15] whereas for good
solvent conditions is ≃ 0.53 [18]. In our numerical anal-
ysis we use Eq. (24) to obtain the universal size ratio
in the asymptotic limit for all considered architectures.
For this purpose we plot ρ vs correction-to-scaling term
N−1/2 and get ρ = ρ∞ for N →∞.
In Fig. 4 we display the results of our MD simulations
for two ”benchmark” systems which are Gaussian linear
chain (red circles) and Gaussian ring (blue circles). For
both architectures systematic increase in the size ratio is
observed with increasing value of N . In the asymptotic
limit N →∞ we obtain ρchain = 1.499±0.005 and ρring =
1.244 ± 0.004. These numerical values with very good
accuracy reproduce known theoretical results. The latter
are given by Eq. (5) for linear chains and by (6) for rings.
The complete list of numerically derived universal size
ratios and their comparison to theoretical values can be
found in Table II.
Figure 5: Molecular dynamics data for the universal size ra-
tio ρ of star polymers comprised of a) linear, b) ring polymers
and c) rosette polymers plotted as a function of correction-to-
scaling variable N−1/2. Data displayed for different amount
of arms fc and fr as indicated. For rosette polymers data
are for symmetric number of arms fc = fr. Solid lines repre-
sent fitting functions according to Eq. (24). Horizontal dotted
lines correspond to asymptotic values obtained from analyti-
cal theory, see Table II. Insets show simulation snapshots for
with N = 6400 and: a) fc = 3, b) fr = 2 and c) fc = fr = 1.
In Fig. 5 we show numerically derived universal size
ratios as a function of N−1/2 for more complex architec-
tures. We investigated conformations of stars comprised
of linear chains, stars of ring polymers and rosette poly-
mers with equal number of grafted linear and ring chains.
For all architectures we observe systematic approaching
to asymptotic values predicted by theory with increas-
ing value of N per arm. For stars of linear chains with
6fc fr ρtheory ρsim
1 0 1.504 1.499 ± 0.005
2 0 1.504 1.499 ± 0.005
3 1 1.401 1.395 ± 0.006
4 0 1.334 1.336 ± 0.006
0 1 1.253 1.244 ± 0.004
0 2 1.217 1.204 ± 0.010
0 3 1.171 1.165 ± 0.011
0 4 1.143 1.135 ± 0.012
1 1 1.415 1.401 ± 0.008
2 2 1.305 1.295 ± 0.018
Table II: Summary of theoretical results for the size ratio
ρtheory calculated using Eq. (19) and asymptotic values ρsim
obtained from MD simulations for rosette polymer architec-
tures comprised of different number of fc linear chains and
fr ring polymers.
functionality f c = 3 and 4 (cf. Fig. 5a) simulations pro-
vide the following universal size ratios: 1.395±0.006 and
1.336 ± 0.006. Both values are with very good agree-
ment to the theoretical prediction given by Eq. (7). Note
that the values of ρ calculated in the course of our sim-
ulations are much closer to the analytical theory results
as compared to existing numerical data [35]. For stars
comprised of cyclic macromolecules (cf. Fig. 5b) we re-
produce the theoretical value of Eq. (20) for double ring
architecture (f r = 2) as well as for stars with larger
number of grafted rings, cf. Eq. (19) with f c = 0 and
f r = 3 or 4. Namely, we get 1.204 ± 0.010 for f r = 2,
1.165±0.011 for f r = 3 and 1.135±0.012 for f r = 4. For
the tadpole architecture, the simplest rosette polymer
which is comprised of f c = 1 and f r = 1 arms (see snap-
shot in Fig. 5c), we obtain the size ratio of 1.401± 0.008
which matches theoretically predicted value for this type
of polymer from Eq. (21). For rosette polymers with
f c = 2 and f r = 2 our simulations provide 1.295± 0.018
which is comparable with the corresponding value calcu-
lated from the formula given in Eq. (19). The full list of
calculated values of ρ is in Table II.
IV. CONCLUSIONS
We have studied by combination of analytical the-
ory and molecular dynamics simulations conformational
properties of rosette polymers which are complex macro-
molecules consisting of f c linear chains (branches) and f r
closed loops (rings) radiating from the central branching
point. Our focus was on characterizing structure of these
polymers in θ solvents. For this purpose we investigated
basic structural quantities such as the mean square ra-
dius of gyration R2g, the hydrodynamic radius R
−1
H and
most importantly the universal size ratio ρ ≡
√
R2g/RH .
Our calculations demonstrated gradual decrease in ρ with
increasing functionality f = f c+ f r of grafted polymers.
The analytical results are in perfect agreement with our
numerical simulations data. Since both quantities R2g
and RH are directly accessible via correspondingly static
and dynamic scattering techniques we hope that our re-
sults will stimulate further experimental studies on the
behavior of complex polymer architectures in solutions.
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